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Abstract
We show in ZFC that the existence of a countably compact Abelian group without non-trivial con-
vergent sequences implies the existence of a countably compact group whose square is not countably
compact.
This improves a result obtained by van Douwen in 1980: the existence of a countably compact
Boolean group without non-trivial convergent sequences implies the existence of two countably com-
pact groups whose product is not countably compact in ZFC.
Hart and van Mill showed in 1991 the existence of a countably compact group whose square is not
countably compact under Martin’s Axiom for countable posets. We show that the existence of such
an example does not depend on some form of Martin’s Axiom.
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All spaces considered are Tychonoff. The set of all free ultrafilters on ω will be denoted
by ω∗. A Boolean group is an Abelian group of order 2. In this note, we will often call
a group van Douwen if it is an infinite countably compact Abelian group without non-
trivial convergent sequences.
Given a set A and a cardinal κ , denote by [A]κ the set of all subsets of A of size κ and
by [A]<κ the set of all subsets of A of size less than κ .
A.R. Bernstein defined the following concept that is important for the study of countable
compactness:
Definition 1.1 [2]. Let p ∈ ω∗ and {xn: n ∈ ω} be a sequence in a space X. We say that x is
the p-limit point of {xn: n ∈ ω} if for every neighborhood V of x, the set {n ∈ ω: xn ∈ V }
is an element of p. In this case, we write x = p- lim{xn: n ∈ ω}.
Let f :ω → X be defined by f (n) = xn for each n ∈ ω. Denote by βf : βω → βX the
ˇCech–Stone extension of f . The point x is the p-limit point of {xn: n ∈ ω} if and only if
x = βf (p).
A space X is countably compact if and only if every sequence in X has a p-limit point
for some ultrafilter p ∈ ω∗.
It is natural to consider the class of spaces in which p is a fixed ultrafilter:
Definition 1.2 [2]. Let p ∈ ω∗. A space X is said to be p-compact if every sequence
{xn: n ∈ ω} in X has a p-limit in X.
E. van Douwen showed in 1980 that countable compactness is not productive in the
class of topological groups:
Example 1.3 [3]. (MA) There exist two countably compact groups whose product is not
countably compact.
The example is a combination of two results:
Example 1.4 [3]. (MA) There exists a Boolean van Douwen group.
Lemma 1.5 [3]. (ZFC) If there exists a Boolean van Douwen group then there exist two
countably compact groups whose product is not countably compact.
In the end of [3], van Douwen argue why his construction seemed to need MA. In his
argument, van Douwen uses Kunen’s Axiom (KA): “there exists a free ultrafilter generated
by ℵ1 sets”.
Hart and van Mill improved Example 1.3 in 1991:
Example 1.6 [7]. (MAcountable) There exists a Boolean countably compact group whose
square is not countably compact.
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group. MAcountable is used to construct a countable group in which every sequence has
an accumulation point in the ω-bounded group. The ω-bounded group is generated by an
ω-independent family that suffers some small modifications during the construction of the
countable group. The construction also uses the fact that ω-bounded groups are p-compact
for every p ∈ ω∗.
Tomita [9] obtained examples where the ω-bounded group is just G = ⋃α<c 2α ×{0}c\α .
The ω-bounded groups are essential in [7,9] and infinite ω-bounded groups contain
non-trivial convergent sequences. Thus, the examples in [9,7] are not van Douwen.
Koszmider et al. [8] showed in 2000 that there exists a Boolean van Douwen group
whose square is not countably compact under MAcountable.
Garcia-Ferreira, Tomita and Watson recently improved Example 1.4:
Example 1.7 [6]. Let p be a selective ultrafilter. Then there exists an infinite p-compact
Boolean group without non-trivial convergent sequences.
As a corollary to Example 1.7, the existence of a van Douwen group does not depend
on some form of Martin’s Axiom. Applying Lemma 1.5, the authors of [6] showed that
the existence of a selective ultrafilter implies that countable compactness is not produc-
tive. Tomita and Watson showed that countable compactness is consistently non-productive
even for the class of topological groups whose every self power is countably compact:
Example 1.8 [12]. If there exist two incomparable selective ultrafilters then there exist
topological groups G and H such that Gκ and Hκ are countably compact for every cardinal
κ but H × G is not countably compact.
The examples in [6,12] did not improve Hart and van Mill’s Example 1.6. This moti-
vated the following question:
Question 1.9 [6]. Does the existence of a selective ultrafilter imply the existence of a
countably compact group whose square is not countably compact?
Hart and van Mill argue in the end of [7] why their construction seemed to need some
form of MA: if ℵ1 < c and p ∈ ω∗ witnesses that Kunen Axiom’s holds then the sum of a
countable group and a ω1-bounded group will be p-compact. In particular, the square will
be countably compact.
Baumgartner [1] showed that in a side-by-side Sacks forcing model in which CH does
not hold, Martin’s Axiom totally fails. Laver showed earlier that selective ultrafilters in the
ground model are preserved by that forcing. Thus, in the model above KA + c> ℵ1 holds.
The ω-bounded group in [9] is ω1-bounded in the model above. Therefore, the construc-
tion in [9] cannot be improved to answer Question 1.9. It is also not clear whether there
is a ω-bounded not ω1-bounded group for which Hart and van Mill’s construction in [7]
could be carried out by means of the side-by-side Sacks forcing.
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ple 1.7.
In Lemma 1.5, van Douwen showed that a Boolean van Douwen group contains two
countably compact subgroups whose product is not countably compact.
In our ZFC result, the example might not be a subgroup of a given van Douwen group.
We will first obtain a subgroup, then refine the topology of the subgroup and finally get
a subgroup of the latter that will have square not countably compact.
The proof of our main result is divided in three sections.
In Section 2, it is shown that the existence of a van Douwen group of order P for a
prime number P implies the existence of a countably compact group whose square is not
countably compact.
In Section 3, it is shown that the existence of a free Abelian van Douwen group implies
the existence of a countably compact group whose square is not countably compact.
In Section 4, we use Sections 2 and 3 to show our main result: the existence of an infinite
countably compact Abelian group without non-trivial convergent sequences implies the
existence of a countably compact group whose square is not countably compact.
In Section 5, we give a strengthening of the second example in [6]. This gives a partial
solution to a question in [5] about almost p-compact groups.
2. Countably compact groups of prime order
Given a group G and g ∈ G, the order of g is denoted by o(g). For each N ∈ ω, Z(N)
is the cyclic group of order N .
Given a set of ordinals I and h ∈ Z(N)I , the support of h, denoted by supp(h) is the set
{α ∈ I : h(α) = 0}. The direct sum⊕α∈I Z(N) = Z(N)(I) will be the set of all functions
h ∈ Z(N)I that have finite support.
Let F and I be sets of ordinals, N be a natural number and κ be a cardinal. Given a fam-
ily {zξ : ξ ∈ F } ⊆ Z(N)κ and h ∈ Z(N)(I) with supph ⊆ F , define zh =∑ξ∈supph h(ξ)zξ .
If h1, h2 ∈ Z(N)(I) with supph1 ∪ supph2 ⊆ F then zh1+h2 = zh1 + zh2 .
The case P = 2 of Lemma 2.1 below appeared in [10] using the vector space [c]<ω
instead of Z(2)(c). The proof is similar, since groups of prime order are vector spaces. We
give the proof here for the sake of completeness.
Lemma 2.1. Let P be a prime number and G be a van Douwen group of order P . Let
{fξ : ω  ξ < c} be an enumeration of all one-to-one functions f :ω → Z(P )(c) with⋃
n∈ω suppfξ (n) ⊆ ξ for each infinite ξ < c. Then there exists {xξ : ξ < c} ⊆ G and{pξ : ω ξ < c} ⊆ ω∗ such that
(a) {xξ : ξ < c} is linearly independent, and
(b) xξ is the pξ -limit point of {xfξ (n): n ∈ ω} for each ξ ∈ [ω, c).
Proof. The group G has size at least c and it is a vector space over Z(P ). Thus, there
exists a linearly independent subset {xn: n ∈ ω} contained in G. Conditions (a) and (b) of
Lemma 2.1 are clearly satisfied with ω in place of c.
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(a) and (b) are satisfied with µ in place of c.
By the property of fµ, the sequence {xfµ(n): n ∈ ω} is already defined and it is
one-to-one. Since G is countably compact and has no non-trivial convergent sequences,
the sequence {xfµ(n): n ∈ ω} has at least c accumulation points. The group generated
by {xξ : ξ < µ} has size less than c. Thus, there exists an accumulation point xµ of
{xfµ(n): n ∈ ω} not contained in the group generated by {xξ : ξ < µ}. The set {xξ : ξ  µ}
is linearly independent since o(xµ) is a prime number. Let pµ be a free ultrafilter such that
xµ is the pµ-limit point of {xfµ(n): n ∈ ω}. This finishes our recursive constructions of
{xξ : ξ < c} and {pξ : ω ξ < ω} satisfying (a) and (b). 
Lemma 2.2. Let G, {xξ : ξ < c}, {fξ : ω  ξ < c} and {pξ : ω  ξ < c} ⊆ ω∗ be as in
Lemma 2.1. Then there exists a family {zξ : ξ < c} ⊆ G × Z(P )c satisfying the following
conditions:
(I) {zξ : ξ ∈ c} is linearly independent;
(II) zξ is the pξ -limit of {zfξ (n): n ∈ ω} for each ξ ∈ [ω, c);
(III) for each A ⊆ ω, there exists α ∈ c such that {n ∈ ω: zn(α) = 1} = A and {n ∈ ω:
zn(α) = 0} = ω \ A;
(IV) for all distinct p,q ∈ ω∗ and for all k0, k1, l0, l1 ∈ Z(P ) with (k0, k1, l0, l1) =
(0,0,0,0),
p- lim
{∑
j<2
kj z2n+j : n ∈ ω
}
= q- lim
{∑
j<2
lj z2n+j : n ∈ ω
}
. F.
Proof. By hypothesis, the sequence {xξ : ξ < c} ⊆ G satisfies:
(a) {xξ : ξ < c} is linearly independent, and
(b) xξ is the pξ -limit of {xfξ (n): n ∈ ω} for each ξ ∈ [ω, c).
For each α < c, define Gα as the group generated by {xξ : ξ < α}. Since {xn: n ∈ ω} is
linearly independent,
(c) for each A ⊆ ω there exists a homomorphism ΦA|Gω :Gω → 2 such that ΦA(xn) = 1
for each n ∈ A and ΦA(xn) = 0, otherwise.
We extend ΦA from Gω to Gc to satisfy
(d) ΦA(xξ ) = pξ -lim{ΦA(xfξ (n)): n ∈ ω} for each ξ ∈ [ω, c) and for each A ⊆ ω.
Suppose that ΦA|Gα is defined and satisfies condition (d) for each α < ξ . The ho-
momorphism ΦA is defined on
⋃
α<ξ Gξ . If ξ is limit, we are done. Otherwise, let β
be such that ξ = β + 1. The set {xα: α  β} is independent by (a), and the sequence
{ΦA(xfβ(n)): n ∈ ω} is already defined. Thus, the homomorphism ΦA can be extended
from Gβ to Gξ so that ΦA(xβ) = p-lim{ΦA(xfβ(n)): n ∈ ω}.
Define zξ = (xξ , {ΦA(xξ ): A ∈ P(ω)}) ∈ G × Z(P )P(ω). We can assume that zξ ∈
G ×Z(P )c, since |P(ω)| = c.
We will now check that the zξ ’s satisfy conditions (I)–(IV):
Proof of (I). The family {zξ : ξ ∈ c} is linearly independent, since xξ ⊆ zξ for each ξ < c
and (a) holds.
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ξ ∈ [ω, c).
Proof of (III). It follows immediately from condition (c).
Proof of (IV). If p,q ∈ ω∗ are distinct, there exists Ap ∈ p and Aq ∈ q such that
Ap ∩ Aq = ∅. Suppose without loss of generality that kj = 0, for some j < 2. Let
Bj = {2n + j : n ∈ Ap}. By (c), ΦBj (x2n+j ) = 1 and ΦBj (x2n+1−j ) = 0 for each
n ∈ Ap and ΦBj (x2n) = ΦBj (x2n+1) = 0 for each n ∈ Aq . Therefore, the p-limit of
the sequence {ΦBj (k0x2n + k1x2n+1): n ∈ ω} is kj and the q-limit of the sequence
{ΦBj (l0x2n + l1x2n+1): n ∈ ω} is 0. Therefore, the limits in (IV) are distinct. 
By (I) and (II) in Lemma 2.2 and the choice of {fξ : ξ < c}, the group generated by
{zξ : ξ < c} is countably compact and infinite. If the square of this group is not countably
compact, we are done.
Otherwise, we will have to find a subgroup that is countably compact but whose square
is not. Lemma 2.3 shows how to obtain the required subgroup. We will apply (III)–(IV)
and assume an extra condition for the enumeration {fξ : ω ξ < c} in Lemma 2.1.
Lemma 2.3. Let F = {fξ : ω  ξ < c} be an enumeration of all one-to-one functions
f :ω → Z(P )(c) such that
(a) ⋃n∈ω suppfξ (n) ⊆ ξ for each infinite ξ < c, and
(b) each such an f appears c many times in the enumeration.
Let {zξ : ξ < c} and {pξ : ω  ξ < c} be families that satisfy condition (I)–(IV) in
Lemma 2.2 for the family F above.
Then there exist families {Iξ : ξ < c}, {αξ : ξ < c}, {Sξ : ξ < c} and {Pξ : ξ < c} satisfying
the following:
(i) Iξ = ω ∪ {αη: η < ξ} for each ξ < c and αη < c for each η < c;
(ii) Sξ ⊆ c for each ξ < c;
(iii) (Iξ ∪ {αξ }) ∩ Sξ = ∅ for each ξ < c;
(iv) fαξ = fβξ , where βξ is the least ordinal β in [ω, c) for which
⋃
n∈ω suppfβ(n) ⊆ Iξ
and fβ = fαη for each η < ξ ;
(v) for each p ∈ ω∗, p ∈ Pξ if and only if p- lim{z2n+j : n ∈ ω} ∈ 〈{zη: η ∈ c}〉 for
each j < 2 and ∃k0, k1 ∈ Z(P ) with (k0, k1) = (0,0) such that p- lim{k0z2n +
k1z2n+1: n ∈ ω} ∈ 〈{zη: η ∈ Iξ }〉;
(vi) if p ∈ Pξ then there exists j < 2 such that p- lim{z2n+j : n ∈ ω} /∈ 〈{zη: η ∈ c \ Sξ }〉;
(vii) Pξ has cardinality at most |ξ | + ω for each ξ < c;
(viii) Sξ has cardinality at most |ξ | + ω for each ξ < c;
(ix) if γ < ξ < c then Pγ ⊆ Pξ and if ξ is limit then Pξ =⋃γ<ξ Pγ , and
(x) if γ < ξ < c then Sγ ⊆ Sξ and if ξ is limit then Sξ =⋃γ<ξ Sγ .
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Iξ }. Note that Hξ = {zh: h ∈ Z(P )(Iξ )}.
Case 1. Stage 0. Define I0 = ω. Then (i) is satisfied.
Let k0, k1 ∈ Z(P ) satisfy (k0, k1) = (0,0).
Claim A. The sequence {k0z2n + k1z2n+1: n ∈ ω} does not have an accumulation point
in H0.
Indeed, let h ∈ Z(P )(ω) and K ∈ ω be such that supph ⊆ 2K . Without loss of generality,
let us assume that k0 = 0.
By (III) in Lemma 2.2, there exists α < c such that {n ∈ ω: zn(α) = 1} = {2n: n ∈
ω} \ 2K and {n ∈ ω: zn(α) = 0} = {2n + 1: n ∈ ω} ∪ 2K .
Then zh(α) = 0. Furthermore, z2n(α) = 1 and z2n+1(α) = 0 for each n  K . Thus,
k0z2n(α)+ k1z2n+1(α) = k0 for each nK . Therefore, zh is not an accumulation point of
{k0z2n + k1z2n+1: n ∈ ω} and the claim is proved.
Claim A implies that the set P0 defined as in condition (v) must be empty. Conditions
(vi), (vii) and (ix) are trivially satisfied, since P0 = ∅.
Define S0 = ∅ and put α0 = ω. Conditions (ii), (iii), (iv), (viii) and (x) are clearly satis-
fied.
Case 2. ξ = γ + 1. By hypothesis, αη is already defined for any η  γ . Therefore,
Iξ = ω ∪ {αη: η < ξ} satisfies condition (i).
Let Pξ be defined according to condition (v). For each p ∈ Pξ there exist kp, lp ∈ Z(P ),
with at least one of them = 0, such that ap = p-limit {kpz2n + lpz2n+1: n ∈ ω} ∈ Hξ . It
follows by (IV) in Lemma 2.2 that {ap: p ∈ Pξ } are pairwise distinct. Therefore, |Pξ | 
|Hξ | = |ξ | + ω. Conditions (v), (vii) and (ix) are satisfied.
We will now define Sξ . Let q ∈ Pξ \ Pγ . It follows by (v) that q-lim{z2n+j : n ∈
ω} ∈ 〈{zν : ν < c}〉 for each j < 2 and for each m0,m1 ∈ Z(P ) with (m0,m1) = (0,0),
q- lim{m0z2n + m1z2n+1: n ∈ ω} /∈ Hγ (otherwise q ∈ Pγ , which is a contradiction).
In particular,
(∗) q-lim{z2n+j : n ∈ ω} /∈ Hγ for each j < 2.
Claim B. There exists j < 2 such that q-lim{z2n+j : n ∈ ω} /∈ Hξ .
Suppose by contradiction that Claim B is not true. By (∗), z(j) = q- lim{z2n+j : n ∈
ω} ∈ Hξ \ Hγ for each j < 2. Then, for each j < 2, there exists hj ∈ Z(P )(c) with
γ ∈ supphj ⊆ Iγ ∪{γ } such that z(j) = zhj . Let sj = hj (γ ). Then sj = 0 and supp(s1h0 −
s0h1) ⊆ Iγ . Therefore q- lim{s1z2n + (−s0)z2n+1: n ∈ ω} = s1z(0) + (−s0)z(1) =
zs1h0+(−s0)h1 ∈ Hγ . However, by condition (v) for γ , it follows that q ∈ Pγ , a contra-
diction.
Claim B implies that for each q ∈ Pξ \ Pγ there exist jq < 2, hq ∈ Z(P )(c) with
supphq \ Iξ = ∅ such that the q-limit of {z2n+jq : n ∈ ω} is equal to zhq . Fix µq ∈
supphq \ Iξ for each q ∈ Pξ \ Pγ .
Put Sξ = Sγ ∪ {µq : q ∈ Pξ \ Pγ }. Conditions (ii), (vi), (viii) and (x) are satisfied.
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which equal fβξ . We can choose αξ such that fαξ = fβξ and αξ ∈ c \ (Iξ ∪ Sξ ). Conditions
(iii) and (iv) are satisfied.
Therefore all the conditions (i)–(x) hold at the successor step.
Case 3. ξ limit. Define Pξ =⋃η<ξ Pη as in (ix), Sξ =⋃η<ξ Sη as in (x) and Iξ =⋃
η<ξ Iη = ω∪{αη: η < ξ} as in (i). Conditions (ii), (vii) and (viii) are also clearly satisfied.
Claim C. (v) is satisfied.
Let p ∈ Pξ . There exists µ < ξ such that p ∈ Pµ. By (v) for µ, there exist k0, k1 ∈
Z(P ) with (k0, k1) = (0,0) such that p- lim{k0z2n + k1z2n+1: n ∈ ω} ∈ 〈{zη: η ∈ Iµ}〉 ⊆
〈{zη: η ∈ Iξ }〉. On the other hand, suppose that there exist k0, k1 ∈ Z(P ) with (k0, k1) =
(0,0) such that p-lim{k0z2n + k1z2n+1: n ∈ ω} ∈ 〈{zη: η ∈ Iξ }〉. Then there exists λ < ξ
such that p- lim{k0z2n+k1z2n+1: n ∈ ω} ∈ 〈{zη: η ∈ Iλ}〉. By condition (v) for λ, it follows
that p ∈ Pλ ⊆ Pξ .
Claim D. (vi) is satisfied.
By (ix), if p ∈ Pξ then there exists β < ξ such that p ∈ Pβ . By (vi) for β , there exists
j < 2 such that p-lim{z2n+j : n ∈ ω} /∈ 〈{zη: η ∈ c \ Sβ}〉. By (x), Sβ ⊆ Sξ . Therefore,
p-lim{z2n+j : n ∈ ω} /∈ 〈{zη: η ∈ c \ Sξ }〉. This proves the claim.
Let βξ as in condition (iv) and choose αξ such that fαξ = fβξ and αξ ∈ c \ (Iξ ∪ Sξ ).
Such αξ exists since there are c many fµ’s which equal fβξ . Then conditions (iii) and (iv)
are also satisfied.
This finishes the recursive construction. 
Lemma 2.4. Let P be a prime number. Suppose that there exists a van Douwen group G
of order P . Then there exists a countably compact group whose square is not countably
compact.
Proof. Let {fξ : ω  ξ < c}, {zξ : ξ < c}, {pξ : ω  ξ < c}, {Iξ : ξ < c}, {αξ : ξ < c},
{Sξ : ξ < c} and {Pξ : ξ < c} as in Lemma 2.3 such that conditions (i)–(x) are satisfied.
Let I =⋃ξ<c Iξ and let H = 〈{zξ : ξ ∈ I }〉 = {zh: h ∈ Z(P )(I)}.
Claim 1. The group H is countably compact.
Indeed, let {tn: n ∈ ω} be a one-to-one sequence in H . Then there exists hn ∈ Z(P )(I)
such that tn = zhn for each n ∈ ω. Let µ < c be such that
⋃
n∈ω supp(hn) ⊆ Iµ and let ξ < c
be the least ordinal such that fξ (n) = hn for each n ∈ ω. By (iv) there exists λ < c such
that βλ = ξ . By (vi), fαλ = fξ . Then zαλ ∈ H is an accumulation point of {tn: n ∈ ω} by
condition (II) in Lemma 2.2.
Claim 2. The group H × H is not countably compact.
We claim that the sequence {(z2n, z2n+1): n ∈ ω} has no p-limit point for any ultrafilter
p ∈ ω∗.
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By (vi), there exists j < 2 such that {z2n+j : n ∈ ω} does not have a p-limit in the group
generated by {zβ : β < c} or for each j < 2 the sequence {z2n+j : n ∈ ω} does not have
a p-limit in Hα for every α < c. In both cases, there exists j < 2 such that the sequence
{z2n+j : n ∈ ω} does not have a p-limit in H . Then, {(z2n, z2n+1): n ∈ ω} does not have
a p-limit in H × H .
Case B. p ∈ Pc.
By the definition of Pc, there exists β < c such that p ∈ Pβ . There exists j < 2 such
that {z2n+j : n ∈ ω} does not have a p-limit in H by (vi), since H = 〈{zη: η ∈ I }〉 and I ∩
Sβ+1 = ∅. Therefore, the sequence {(z2n, z2n+1): n ∈ ω} does not have a p-limit in H ×H .
It follows from the two cases above that the sequence {(z2n, z2n+1): n ∈ ω} has no
accumulation points in H × H . 
Example 2.5. Assume that there exists a selective ultrafilter. Then there exists a countably
compact group without non-trivial convergent sequences whose square is not countably
compact.
Proof. The first example in [6] is a countably compact group without non-trivial conver-
gent sequences of order 2 constructed under the assumption of the existence of a selective
ultrafilter. Applying Lemma 2.4, we obtain the required conclusion. 
3. Countably compact free Abelian groups
We will obtain in this section analogues of the results in Section 2 for free Abelian
groups.
The integers with the usual sum will be denoted by Z.
Given a set of ordinals I and h ∈ ZI , the support of h, denoted by supp(h) is the set
{α ∈ I : h(α) = 0}. The direct sum⊕α∈I Z= Z(I ) will be the set of all functions h ∈ ZI
that have finite support.
Let F and I be sets of ordinals and κ be a cardinal. Given a family {zξ : ξ ∈ F } ⊆ Zκ
and h ∈ Z(I ) with supph ⊆ F , we put zh =∑ξ∈supph h(ξ)zξ . A family {zξ : ξ ∈ F } is
independent if zh is non-zero whenever h ∈ Z(F ) and h = 0. Given a subset A of a group G,
the group generated by A will be denoted by 〈A〉.
The Lemma 3.1 below is the free Abelian group version of Lemma 2.1.
Lemma 3.1. Let G be a free Abelian van Douwen group. Let {fξ : ω  ξ < c} be an
enumeration of all one-to-one functions f :ω → Z(c) with ⋃n∈ω suppfξ (n) ⊆ ξ for each
infinite ξ < c. Then there exists {xξ : ξ < c} ⊆ G and {pξ : ξ < c} ⊆ ω∗ such that
(a) {xξ : ξ < c} is an independent set, and
(b) xξ is the pξ -limit point of {xfξ (n): n ∈ ω} for each ξ ∈ [ω, c).
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equal to c such that Y generates G. Thus, we can fix an independent subset {xn: n ∈ ω}
contained in G. Conditions (a) and (b) are clearly satisfied with ω in place of c.
Suppose that {xξ : ξ < µ} is constructed for some µ < c, satisfying (a) and (b) with µ
in place of c.
By the property of fµ, the sequence {xfµ(n): n ∈ ω} is already defined and it is one-
to-one. The group G is countably compact and has no non-trivial convergent sequences.
Thus, the sequence {xfµ(n): n ∈ ω} has at least c accumulation points.
For each ξ < µ, let Fξ be a finite subset of θ such that xξ is generated by {yη: η ∈ Fξ }.
Put F =⋃ξ<µ Fξ . As the group generated by {yη: η ∈ F } has size less than c, there exists
an accumulation point xµ of {xfµ(n): n ∈ ω} not contained in the group 〈{yη: η ∈ F }〉. Let
pµ be a free ultrafilter such that xµ is the pµ-limit point of {xfµ(n): n ∈ ω}. Condition (b)
is clearly satisfied.
Claim. Condition (a) holds for µ, that is, {xξ : ξ  µ} is independent.
Indeed, let n0, . . . , nk be non-zero integers and ξ0, . . . , ξk be pairwise distinct ordinals
not greater than µ. Assume by way of contradiction that n0xξ0 + · · · + nkxξk = 0. Without
loss of generality, assume that ξ0 = µ. Then
(∗) n0xξ0 = −n1xξ1 − · · · − nkxξk is an element of 〈{yη: η ∈ F }〉.
Since xξ0 /∈ 〈{yη: η ∈ F }〉, there exists a non-zero element z0 ∈ 〈{yη: η ∈ θ \F }〉 such that
(∗∗) xξ0 − z0 ∈ 〈{yη: η ∈ F }〉.
By (∗) and (∗∗), n0z0 = n(z0 −xξ0)+nxξ0 ∈ 〈{yη: η ∈ F }〉. Therefore n0z0 ∈ 〈{yη: η ∈
F }〉 ∩ 〈{yη: η ∈ θ \ F }〉. Since {yη: η ∈ θ} is independent, it follows that n0z0 = 0. The
group G has no elements of finite order. Thus n0 = 0, a contradiction.
This finishes our recursive construction of the sequence {xξ : ξ < c} satisfying (a)
and (b). 
The proof of the following lemmas are almost the same as in Lemmas 2.2 and 2.3. It
suffices to replace “Z(P )” by “Z”, “linearly independent” by “independent”, “Lemma 2.1”
by “Lemma 3.1”, “Lemma 2.2” by “Lemma 3.2” and “Lemma 2.3” by “Lemma 3.3”.
Lemma 3.2. Let G, {xξ : ξ < c}, {fξ : ω ξ < c} and {pξ : ξ < c} ⊆ ω∗ be as in Lemma 3.1.
Then there exists a family {zξ : ξ < c} ⊆ G ×Zc satisfying the following conditions:
(I) {zξ : ξ ∈ c} is independent;
(II) zξ is the pξ -limit of {zfξ (n): n ∈ ω} for each ξ ∈ [ω, c);
(III) for each A ⊆ ω, there exists α ∈ c such that {n ∈ ω: zn(α) = 1} = A and {n ∈ ω:
zn(α) = 0} = ω \ A; and
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p- lim
{∑
j<2
kj z2n+j : n ∈ ω
}
= q- lim
{∑
j<2
lj z2n+j : n ∈ ω
}
.
Lemma 3.3. Let F = {fξ : ω  ξ < c} be an enumeration of all one-to-one functions
f :ω → Z(c) such that
(a) ⋃n∈ω suppfξ (n) ⊆ ξ for each infinite ξ < c, and
(b) each such an f appears c many times in the enumeration.
Let {zξ : ξ < c} and {pξ : ω  ξ < c} be families that satisfy condition (I)–(IV) in
Lemma 3.2 for the family F above.
There exist families {Iξ : ξ < c}, {αξ : ξ < c}, {Sξ : ξ < c} and {Pξ : ξ < c} satisfying the
following:
(i) Iξ = ω ∪ {αη: η < ξ} for each ξ < c and αη < c for each η < c;
(ii) Sξ ⊆ c for each ξ < c;
(iii) (Iξ ∪ {αξ }) ∩ Sξ = ∅ for each ξ < c;
(iv) fαξ = fβξ , where βξ is the least ordinal β in [ω, c) for which
⋃
n∈ω suppfβ(n) ⊆ Iξ
and fβ = fαη for each η < ξ ;
(v) for each p ∈ ω∗, p ∈ Pξ if and only if p- lim{z2n+j : n ∈ ω} ∈ 〈{zη: η ∈ c}〉 for each
j < 2 and ∃k0, k1 ∈ Z with (k0, k1) = (0,0) such that p- lim{k0z2n+k1z2n+1: n ∈ ω}
∈ 〈{zη: η ∈ Iξ }〉;
(vi) if p ∈ Pξ then there exists j < 2 such that p- lim{z2n+j : n ∈ ω} /∈ 〈{zη: η ∈ c \Sξ }〉;
(vii) Pξ has cardinality at most |ξ | + ω for each ξ < c;
(viii) Sξ has cardinality at most |ξ | + ω for each ξ < c;
(ix) if γ < ξ < c then Pγ ⊆ Pξ and if ξ is limit then Pξ =⋃γ<ξ Pγ ;
(x) if γ < ξ < c then Sγ ⊆ Sξ and if ξ is limit then Sξ =⋃γ<ξ Sγ .
Lemma 3.4. Suppose that there exists a free Abelian van Douwen group G. Then there
exists a countably compact group whose square is not countably compact.
4. Countably compact Abelian groups
The following lemma shows that if there exist countably compact Abelian groups with-
out non-trivial convergent sequences, then there is one that, in addition, is algebraically a
vector space over Z(P ) for some prime number P or a free Abelian group.
Lemma 4.1. Let G be a van Douwen group. Then G contains a van Douwen group of
order P for some prime number P or a free Abelian van Douwen group.
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t (G) the torsion part of G, that is g ∈ t (G) if and only if there exists a positive integer n
such that ng is the neutral element of G.
If |t (G)|  c then there exists a positive integer n such that |G[n]|  c, since c has
uncountable cofinality and t (G) = ⋃∞n=1 G[n]. Let N be the least integer for which
|G[N ]| c. G[N ] is a closed subgroup, thus G[N ] is a van Douwen group. Let P a prime
divisor of N . We claim that N = P . Indeed, if N is not prime, then there exists M < N
such that N = MP . Then G[P ] = MG[N ] is algebraically isomorphic to G[N ]/G[M].
Therefore, G[P ] has size at least c, contradicting the minimality of N . Thus, N = P is
prime.
Assume that |t (G)| < c. Let {fξ : 0 < ξ < c} be an enumeration of all one-to-one func-
tions f :ω → Z such that⋃n∈ω suppfξ (n) ⊆ ξ for each ξ < c. We will find an independent
family {xξ : ξ < c} ⊆ G that generates a free Abelian group. Start with x0 arbitrary such
that x0 ∈ G \ t (G). Suppose that {xβ : β < ξ} is defined so that:
(a) Xξ = {xβ : β < ξ} is a basis for a free Abelian group, and
(b) xβ is an accumulation point of {xfβ(n): n ∈ ω} for each β ∈ (0, ξ).
We will define xξ . LetA be the set of all accumulation points of {xfξ (n): n ∈ ω} distinct
from the neutral element.
Claim 1. Suppose that t ∈ A is such that 〈{t}〉 ∩ 〈Xξ ∪ t (G)〉 = {0}. Then Xξ ∪ {t} is a
basis for a free Abelian group.
Suppose that n0, . . . , nl ∈ Z and µ0, . . . ,µl are pairwise distinct ordinals that are  ξ
and such that n0t + n1xµ1 · · ·nlxµl = 0. Without loss of generality, we can assume that
n0 = 0. Then n0t ∈ 〈{t}〉 ∩ 〈Xξ 〉. Then n0t = 0 and t ∈ 〈{t}〉 ∩ 〈Xξ ∪ t (G)〉. Therefore,
t = 0, a contradiction.
Claim 2. There exists t ∈A such that 〈{t}〉 ∩ 〈Xξ ∪ t (G)〉 = {0}.
Suppose by way of contradiction that such an element t ∈ A does not exist. Then for
each t ∈A, there exists a positive integer nt such that nt t ∈ H := 〈Xξ ∪ t (G)〉. Let An =
{t ∈A: nt = n}. Since c has uncountable cofinality, there exists a positive integer n such
that |An|  c. For each h ∈ H , let An,h = {t ∈ An: nt = h}. Since |H | < c, there exists
h ∈ H such that |An,h|  |t (G)|+. Fix z ∈ An,h. Then, for each t ∈ An,h, n(t − z) =
nt−nz = h−h = 0. Thus, t−z ∈ t (G) for all t ∈An,h. Since |An,h| |t (G)|+, there exist
distinct t0, t1 ∈An,h such that t0 − z = t1 − z. Therefore, t0 = t1, which is a contradiction.
Let xξ ∈A as in Claim 2. By Claim 1 and the definition ofA, it follows that {xβ : β  ξ}
satisfies conditions (a) and (b).
This finishes the inductive construction of X = {xβ : β < c} satisfying (a) and (b) with c
in place of ξ . The group generated by X is a free Abelian van Douwen group. 
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vergent sequences then there exists a countably compact group whose square is not count-
ably compact.
Proof. Let G be a countably compact Abelian group without non-trivial convergent se-
quences. Then, by Lemma 4.1, G contains a van Douwen subgroup of order P for a
prime P or a free Abelian van Douwen subgroup.
In the first case, apply Lemma 2.4. In the second case, apply Lemma 3.4. In both cases,
there exists a countably compact group whose square is not countably compact. 
5. An almost p-compact group whose square is not countably compact
Garcia-Ferreira introduced the following concept:
Definition 5.1. [4] Let ∅ = M ⊆ ω∗. A space X is said to be quasi-M-compact, if every
sequence in X has a p-limit point for some p ∈ M .
Note that countably compact spaces are the quasi ω∗-compact spaces and the p-compact
spaces are the quasi-{p}-compact spaces.
In [4], Garcia-Ferreira also introduced a special name for quasi-M-compact spaces
when M is the Rudin–Keisler type of an ultrafilter p:
Definition 5.2. Let p ∈ ω∗. A space X is almost p-compact if for every sequence
{xn: n ∈ ω}, there exists a permutation φ :ω → ω such that {xφ(n): n ∈ ω} has a p-limit
in X.
Thus, both p-compact spaces and almost p-compact spaces have their “countable com-
pactness” witnessed by p-limit points. However, these concepts are not the same.
Bernstein [2] showed that p-compactness, for a fixed p ∈ ω∗, is a productive property.
In particular, an arbitrary product of p-compact spaces is countably compact.
Garcia-Ferreira [4] showed that there exists an almost p-compact space whose square
is not countably compact, for each p ∈ ω∗.
In [5], the author and Garcia-Ferreira showed that there is, from b = c+ MAcountable, an
almost p-compact group whose square is not countably compact. In [5], the ultrafilter p is
constructed together with the space. That motivated the following question:
Question 5.3 [5]. Does there exist, for every p ∈ ω∗, an almost p-compact group whose
square is not countably compact?
Garcia–Ferreira, Tomita and Watson showed in their second example in [6] that if p is
a selective ultrafilter then there exists two almost p-compact groups whose product is not
countably compact.
We will modify the second example in [6] to show that every selective ultrafilter answers
Question 5.3 in the affirmative.
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Definition 5.4. Given an ultrafilter p, we say that f,g ∈ (Z(2)(c))ω are p-equivalent if
{n ∈ ω: f (n) = g(n)} ∈ p. Given f ∈ (Z(2)(c))ω , denote by [f ]p the p-equivalent class
of f , {g ∈ (Z(2)(c))ω: g is p-equivalent to f }.
The ultrapower (Z(2)(c))ω/p is the set of all p-equivalent classes [f ]p with the opera-
tion [f + g]p = [f ]p + [g]p .
Given an ordinal ξ < c, χξ ∈ (Z(2)(c))ω is the function such that χ(ξ) = 1 and χ(α) = 0
for each α = ξ . Denote by β the function in (Z(2)(c))ω such that β(n) = χβ for each n ∈ ω.
In [6], the authors use the vector space [c]<ω with the operation , given by AB =
A \ B ∪ B \ A for each A,B ∈ [c]<ω.
The vector space Z(2)(c) and the vector space [c]<ω are isomorphic. We will restate
some results in [6] using Z(2)(c) instead of [c]<ω.
Making a trivial modification of Lemma 2.1 in [6] and using the last part of the proof
of Lemma 3.1 in [6], we obtain the following result:
Lemma 5.5 [6]. Let p ∈ ω be selective and G be the set of all finite-to-one functions
in ([c]<ω)ω. Then there exist a family of one-to-one functions {fξ : ξ < c} ⊆ ([c]<ω)ω , a
family of permutations {hξ : ξ ∈ [ω, c)} of ω onto ω and a partition {Ig: g ∈ G} of [ω, c)
such that
(1) ⋃n<ω suppfξ (n) ⊆ max{ω, ξ}, for every ξ < c;
(2) {[fξ ]p: ξ < c} ∪ {[ β]p: β < c} is a basis for (Z(2)(c))ω/p;
(3) |Ig| = c for each g ∈ G; and
(4) {n ∈ ω: g(hξ (n)) = fξ (n)} ∈ p for each ξ ∈ Ig .
In the construction of Example 2.4 in [6], it is shown the following:
Lemma 5.6 [6]. Let p be a selective ultrafilter. If {fξ : ξ < c} satisfies conditions (1) and
(2) in Lemma 5.5 then there exists a linearly independent set {xξ : ξ < c} ⊆ 2c such that
(a) xF = 0 for every non-empty finite subset of c, and
(b) p- lim{φF (fξ (n)): n ∈ ω} = φF (ξ) for each ξ ∈ [ω, c).
The following example gives a partial answer to Question 5.3:
Example 5.7. Let p be a selective ultrafilter. Then there exists an almost p-compact topo-
logical group whose square is not countably compact.
Proof. Let {fξ : ξ < c}, {hξ : ξ ∈ [ω, c)} and {Ig: g ∈ G} satisfying conditions (1)–(4) in
Lemma 5.5 and {xξ : ξ < c} satisfying conditions (a) and (b) in Lemma 5.6. Let {gµ: ω 
µ < c} be an enumeration of G such that
(5) ⋃ gµ(n) ⊆ max{ω,µ}, for every µ < c.n<ω
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(6) Igµ ⊆ [µ, c) for each µ < c.
It follows by (4) and (b) that
(7) there exists an ultrafilter qξ that is Rudin–Keisler equivalent to p such that xξ =
qξ -lim{gµ(n): n ∈ ω} for each ξ ∈ Igµ .
In the proof of Lemma 2.2, the functions fξ could be finite-to-one. Therefore, we can
apply Lemma 2.2 to construct a family {zξ : ξ < c} such that conditions (I)–(IV) are satis-
fied with gξ in place of fξ and qξ in place of pξ .
By Lemma 2.3, there exist families {Iξ : ξ < c}, {αξ : ξ < c}, {Sξ : ξ < c} and {Pξ : ξ < c}
that satisfy conditions (i)–(x) of Lemma 2.3.
Let I =⋃ξ<c Iξ . As in the proof of Lemma 2.4, the group H = 〈zξ : ξ ∈ I 〉 has square
not countably. We will be done if we show that H is almost p-compact.
By property (7) and property (iv) in Lemma 2.3, it follows that
(8) for every finite-to-one function g ∈ ([I ]<ω)ω there exists q ∈ ω∗ Rudin–Keisler equiv-
alent to p such that q-lim{zg(n): n ∈ ω} ∈ 〈{zξ : ξ ∈ I }〉.
We will show that
(9) for every g ∈ ([I ]<ω)ω that is not finite-to-one, there exists q ∈ ω∗ Rudin–Keisler
equivalent to p such that q-lim{zg(n): n ∈ ω} ∈ 〈{zξ : ξ ∈ I }〉.
Indeed, let {tn: n ∈ ω} ⊆ H be a sequence that is not finite-to-one. There exists B ⊆ ω
such that |B| = |ω \ B| = ω and t ∈ H such that tn = t for every n ∈ B . Let h be a per-
mutation of ω and C ∈ p such that {h(n): n ∈ A} = B . Then {th(n): n ∈ ω} has t as a
p-limit. Therefore, there exists an ultrafilter q that is Rudin–Keisler equivalent to p such
that q-lim{tn: n ∈ ω} = t ∈ H .
By (8) and (9), H is almost p-compact. 
6. Final remarks
The author [11] showed from MAcountable that for every positive integer n there exists
a topological group G without non-trivial convergent sequences such that Gn is countably
compact but Gn+1 is not. This suggests the following open questions:
Question 6.1. Let n be an integer greater or equal to 2. Does the existence of an infinite
topological Abelian group without non-trivial convergent sequences whose nth power is
countably compact imply the existence of a topological group G such that Gn is countably
compact but Gn+1 is not countably compact?
122 A.H. Tomita / Topology and its Applications 153 (2005) 107–122Question 6.2. Let n be an integer greater or equal to 2. Does the existence of a selec-
tive ultrafilter p imply the existence of a topological group G whose nth power is almost
p-compact but the (n + 1)st power is not countably compact?
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